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» The Agda source code of this talk is available in the repository
https://github.com/jonaprieto/stlctalk.

We present a refactor of the implementation by (Erdi, 2013) for the
simple lambda calculus, specifically in the Scopecheck and
Typecheck module.

» Tested with Agda v2.5.2 and Agda Standard Library v0.13

The Simply Typed Lambda Calculus |  Jonathan Prieto-Cubides
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Lambda Calculus

Definition

» The set of A-terms denoted by A is built up from a set of variables V
using application and (function) abstraction

xeV=xeA,
MeA xeV=((Ax.M)eA,
M,NeA= (MN)eA.

» Asimple syntax definition for lambda terms

Name : Set
Name = String

data Expr : Set where
var : Name - Expr
lam : Name - Expr - Expr
_e_: Expr - Expr - Expr
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Lambda Curry System

> The set of types is noted with T = Type(A —).
T=V|B|T > T,

where V = {a, ay, ---} be a set of type variables, B stands for a
collection of type constants for basic types like Nat or Bool

» Astatementisoftheform M : owithM € Aando € T
» Derivation inference rules

[x: U](l)
M:o>T N:o S
MN :T M:T
AX.M:0>T
» Astatement M : o is derivable form a basis I" denoted by

I' = M : o where basis stands for be a set of statements with only
distinct (term) variables as subjects

1)
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Syntax defintion based on (Erdi, 2013), and (Danielsson, n.d.)

» Typingsyntax: T =V |B|T » T,
module Typing (U : Set) where

data Type : Set where
base : U - Type
_»_ t Type » Type - Type

» Asyntax definition including type annotations

module Syntax (Type : Set) where
open import Data.String

Name : Set
Name = String

data Formal : Set where
_ : Name - Type - Formal

data Expr : Set where
var : Name - Expr
lam : Formal - Expr - Expr
_e°_: Expr - Expr - Expr
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open import Syntax Type

postulate A : Type
var "x"
var "y"

var "z

X
y
z

-- Combinators.
- I, K, S : Expr

lam ("x" : A) x -- AX.X, X : A
lam ("x" : A) (lam ("y" : A) xX) -- AXy.X, X,y : A

wn X H

0 nmon

am ("x" : A)
(lam ("y" : A)
(lam ("z" : A)
((x = z) » (y*2)))) -- Axyz.xz(yz), x,y,z : A
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Decibility of Type Assignment (Barendregt, Dekkers, and Statman, 2013)

Problem Question

Typability Given M doesexistsa o suchthatI' - M : g?
Type-checking Given M and 7,canwe have' - M : 77
Inhabitation Given T, does existsan M suchthatI' - M : ¢g?

Theorem

» Itis decidable whether a term is typable in A —.

» Ifaterm M istypable in A —, then M has a principal type scheme, i.e.
a type o such that every possible type for M is a subsitution instance
of 0. Moreover o is computable from M.

Theorem
Type checking for A — is decidable.
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De Bruijn Index

» Theindexes are natural numbers that represent the occurrences of
the variable in a A-term

AX.Ay.X ~ AA2

» The natural number denotes the number of binders that are in scope
between that occurrence and its corresponding binder

AX.Ay.Az.xz(yz) » AAA31(21)

» Check for a-equivalence is the same as that for syntactic equality
» Asyntax definition using De Bruijn indexes
data Expr (n : N) : Set where
var : Fin n - Expr n

lam : Type - Expr (suc n) - Expr n
_°_: Expr n - Expr n - Expr n
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module Bound (Type : Set) where

Binder : N - Set

Binder = Vec
data F ~ :

var-zero

var-suc

lam

1

b e B = 4
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Y {n} - Binder n -» S.Expr - Expr n - Set where
VY {n x} {I : Binder n}

[, X Fvar x -» var (# 0)

V {n x y k} {I : Binder n} {p : False (x < y)}
'+ var x » var kK

M, yFvar x » var (suc k)

Vi{nx Tttt} {l: Binder n}

i B |

, X Ft -t
F lam (x @ 1) t » lam T t’

{n t1 t1” t2 t2'} {I : Binder n}
F t1 ~» t1”

F ot » t2”

F ot e t2 » t1” o t27
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2 : Binder 0

o =[]

r : Binder 2

r = ”X” - ||y|| . []

el : "x" = "y" u []1F var "x" » var (# 0)

el = var-zero

I: []F lam ("x" : A) (var "x")
-» lam A (var (# 0))
I = lam var-zero

K: []F lam ("x" : A) (lam ("y" : A) (var "x"))
~» lam A (lam A (var (# 1)))
lam (lam (var-suc var-zero))

P
]

Kz = []F lam ("x" : A) (lam ("y" : A) (var "y"))
-~ lam A (lam A (var (# 0)))
K2 = lam (lam var-zero)

P:TF lam ("x" : A) (lam ("y" : A) (lam ("z" : A) (var "x")))
~» lam A (lam A (lam A (var (# 2))))
P={!'} -- complete!!
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module Scopecheck (Type : Set) where

name-dec : I : Binder n} {x y : Name} {t : Expr (suc n)}

Fsubst : V }
- X y
- T X
-)r y
find-name : V {n}
-» (I : Binder n)
-» (X : Name)
- Dec ([ t 1 (I F var x » t))

check : V {n}

(I : Binder n)

(t : S.Expr)

Dec (A[ t" ] (T +H t » t"))

i

13

i

scope : (t : S.Expr) - {p : True (check [] t)} - Expr 0
scope t {p} = proj: (toWitness p)
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postulate A : Type

I. : S.Expr
I. = S.lam ("x" : A) (S.var "x")

open import Data.Unit

I = scope I. {p = T.tt} -- Use C-C-C-n and check for I.
X, Yy, z : S.Expr

X = var "x"

y = var "y"

z = var "z"

S1 =

lam ("x" : A)
(lam ("y" : A)
(lam ("z" : A)
((x = 2) « (y * 2))))

: Expr 0

S
S = scope S1 {p = T.tt} -- Use C-C-C-n and check for S.
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Typing Rules

» Introduction

re)y=rt
F'Ht:T
» Abstraction
I't+t:o

T'HFAtt:T>0

» Application
'Fti:T>0 F'Ety:T
F"tl'tztg
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module Typing (U : Set) where

open import Bound Type hiding ( , )

Ctxt : N - Set
Ctxt = Vec Type

_,_ + Y {n} » Ctxt n » Type - Ctxt (suc n)
r, x=xzurl

data - : : V {n} » Ctxt n - Expr n - Type - Set where

tVar : Y {n I'} {x : Fin n}
- '+ var x : lookup x T

tLlam : V {n} {I : Ctxt n} {t} {t o}
-, TkFt:o
F'-~lamtt: tT»o0

{n} {I : Ctxt n} {t: t2} {t o}
Fti1:T»0

Ft2 i T

F ti1 e t2 1 0

13

1 ==
111 <t
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postulate
Bool : Type

ex : [] , Bool + var (# 0) : Bool
ex = tVar

ex2 : [] F lam Bool (var (# 0)) : Bool » Bool
ex2 = tlLam tVar

postulate
Word : Type
Num : Type

K : [] + lam Word (lam Num (var (# 1))) : Word » Num » Word
K = tLam (tLam tVar)
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Equality Between Types

_T£ : (t Tt : Type) » Dec (T =1")
base A T base B with A £ B

| yes A=B = yes (cong base A=B)
| no AzB = no (AzB o helper)
where

helper : base A = base B - A =B
helper refl = refl
base ATZ (_ » ) =no (A ())

(T2 » T2) TZ base B = no (A ())
(tT1 » T2) T£ (T2 » T2") with 1 T T1°

| no Ti2T1’ = no (Ti12T1’ o helper)
where
helper : T1 » T2 = T1" » T2' » T1 = T1'
helper refl = refl
| yes ti=t1’
with 2 T 12’
| yes T12=12" = yes (congz » Ti=T1  T2=T2’)
| no T22t2" = no (T22t2" o helper)
where

helper : T1 » T2 = T1’ » T2’ = T2 = 12’
helper refl = refl
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An Example of an Useful Theorem

- Auxiliar Helper.
F-inj : V {n '} {t : Expr n} - V {t o}

-TTrFt:z
-TFt:o
- T=0

- Var case.

F-inj tvVar tVar = refl

- Abstraction case.
F-inj {t = lam t t} (tLam I,t+t:Tt") (tLam [,t+t:1")
=cong ( » T) (F-inj I, Trt:t” [, THt:T7)

- Application case.
F-inj (MFti:t»T2 o MHt2:t) (MFt1:Ti»0 o MHt2:7T1)
= helper (F-inj MFti:T»T2 MHt1:T1»0)
where
helper : V {t t2 t1 6} » (T » T2 = T1 » C) » T2 =0
helper refl = refl
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Typability |

infer : V {n} I (t : Expr n) » Dec (A[ T ] (T t : 1))

- Var case.
infer I' (var x) = yes (lookup x ' -and- tVar)

- Abstraction case.
infer I (lam t t) with infer (t = T) t

| yes (o -and- I',t-t:0) = yes (t » o -and- tLam I, t-t:0)
| no I,T-/t:0 = no helper

where
helper : A[ " ] (T lam t t : ©")
helper (base A -and- ())
helper (.t » o -and- tLam I, t-t:0)

=TI,t+/t:0 (o -and- I,T-t:0)
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Typability Il

- Application case part I.
infer I (t1 ¢ t2) with infer I t:1 | infer T t:
| no At(M-ti:t) | _ = no helper
where
helper : 3[ o0 1 (F' F t1 « t2 : o)
helper (T -and- TFti:T o )
= At(Mta:t) ( » T -and- THt1:7)

| yes (base x -and- l+ti:base) | _ = no helper
where
helper : 4 o ] (' t1 « t2 : ©O)
helper (T -and- TFt1: » « )
with F-inj TFti: » TFti:base
[ O
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Typability Il

- Application case part II.
| yes (11 » t2 -and- MFti:ti»T2) | no At(lMtz2:1) = no helper
where
helper : 4l o ] (T'F t1 ¢ t2 : 0O)
helper (t -and- MFti:t1'»T2" ¢ [Ht2:7)
with F-inj MFt1:Ti»T2 THt1:T1 »T27
| refl = At(M-t2:1) (T2 -and- TMHt2:7)

| yes (11 » 12 -and- Mti:T1»T2) | yes (11’ -and- MHt2:117)
with 1 T 117
| yes t1i=t1’ = yes (12 -and- TFti:Tt1»T2 ¢ helper)
where
helper : T + t2 : T1
helper = subst ( F : T t2) (sym ti=t1") lt2:11”
| no Ti12T1’ = no helper
where
helper : 4[ 0 ] (T F t1 » t2 : o)
helper (_ -and- TFti:t»t2 * MHt2:711)
with F-inj Trti1:t»T2 MFt1:T1»T2
| refl = tazta’” (F-inj Trt2:T: MHt2:T17)
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Type-checking |

check : VYV {n} I' (t : Expr n) -V Tt > Dec (Tt : 1)

- Var case.
check I (var x) T with lookup x I T T
| yes refl = yes tVar
| no -p = no (-p o k-inj tVar)

- Abstraction case.
check I' (lam t t) (base A) = no (A ())
check T (lam Tt t) (T1 » T2) with 1 T T
| no ti2T = no (tizT o helper)
where
helper : T lam T t : (T1 » T2) » T1 = T
helper (tLam t) = refl

| yes refl with check (t = T) t T2
| yes I't-t:t2 = yes (tLam I, tHt:T2)
e | no I,t=/t:t2 = no helper
where
helper : = TFlamt t : T » T2
helper (tLam I, t+t: ) = I, t=/t:it2 I, TRt
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Type-checking Il

- Application case.
check I (t1 ¢ t2) o with infer ' t:
| yes (t -and- T+t2:71)
with check I t1 (T » 0)
| yes M-ti:1t»0 = yes (MFti:t»0 ¢ MHt2:7T)
oc | no M-/ti:1»0 = no helper
where
helper : = T F t1 » t2 : ©
helper (MFti: » o TFt2:1T7)
with F-inj MFt2:t Mta2:T’
| refl = M-/ti:t>0 Mta: »

check I' (t1 » t2) o | no MN-/t2: = no helper
where
helper : = T F t1 » t2 : ©
helper (_+ {t =0} t MNt2:1") = MN-/t2:_ (o -and- Mt2:1")
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