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Sets Defined by Induction
Example
We inductively define the set of natural numbers Nat.

Usual definition.
(i) zero : Nat.
(ii) If n ∈ Nat then succ n : Nat.

Definition using inference rules.

zero : Nat
n : Nat

succ n : Nat

Remark: In both definitions the fact that Nat is the smallest set generated by the
clauses/rules is not stated explicitly.
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Structural Induction
Example
Let P be a unary property on Nat. To prove that P n for all n : Nat, we can use structural
induction for P .

P zero

[P n]
...

P (succ n) (structural induction)
P n
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Structural Induction
Example
Let A be a set. We inductively define the lists of elements of A, denoted List A, by the
following inference rules:

nil : List A
x : A xs : ListA
cons x xs : ListA

Let A be a set and let P be a unary property on List A. To prove that P xs for all
xs : List A, we can use structural induction for P and List A.

P nil

[P xs]
...

P (cons x xs) (structural induction)
P xs
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Computation Induction
Example
We recursively define the division by 2 (rounded downwards) function.

⌊ div2 ⌋ : Nat → Nat
⌊ div2 ⌋ zero = zero
⌊ div2 ⌋ (succ zero) = zero
⌊ div2 ⌋ (succ (succ n)) = succ (⌊ div2 ⌋ n)

Let P be a unary property on Nat and ⌊ div2 ⌋. To prove that P n for all n : Nat, we can
use computation induction for P and ⌊ div2 ⌋.

P zero P (succ zero)

[P n]
...

P (succ (succ n)) (computation induction)
P n
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Computation Induction
Description
Let f : σ → τ be a terminating function on the inductive sets σ and τ and let P be a unary
property on σ and f . To prove that P x for all x : σ by induction on the computation of f
it is necessary (p. 6):
(i) proving that P e for every non-recursive defining equation f e = e′, and
(ii) proving that

P σ1 ∧ · · · ∧ P σn → P e

for every recursive defining equation

f e = . . . f σ1 . . . f σn

where f σ1, . . . , f σn are all the recursive calls.
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Computation Induction†

Description
Let f : σ → τ be a terminating function on the inductive sets σ and τ and let P be a unary
property on σ and f . To prove that P x for all x : σ by induction on the computation of f
it is necessary (p. 6):
(i) proving that P e for every non-recursive defining equation f e = e′, and
(ii) proving that

P σ1 ∧ · · · ∧ P σn → P e

for every recursive defining equation

f e = . . . f σ1 . . . f σn

where f σ1, . . . , f σn are all the recursive calls.

†This induction schema is also called “recursion induction”. See, e.g. (Nipkow, Paulson and Wenzel
[2002] 2026).
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Rule Induction
Example
We inductively define the inductive relation Even on natural numbers by the following rules:

zero : Even
n : Even

succ (succ n) : Even

Let P be a unary property on Nat. To prove that Even n ⇒ P n, we can use rule induction
for P and Even.

Even n P zero

[Even n, P n]
...

P (succ (succ n)) (rule induction)
P n
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Example
We inductively define the inductive relation Even on natural numbers by the following rules:
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Let P be a unary property on Nat. To prove that Even n ⇒ P n, we can use rule induction
for P and Even.

Even n P zero
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P (succ (succ n)) (rule induction)
P n
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Rule Inversion
Example
Rule inversion goes in the opposite direction to rule induction. For example, given Even n
we can use rule inversion for asking which rules could have been used to derive Even n and
what constraints these rules impose on n.
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