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Convention
The numbers and page numbers assigned to chapters, examples, exercises, figures, quotes,
sections and theorems on these slides correspond to the numbers assigned in the textbook.
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Well-Ordered Sets

Definition (p. 188)
Let (𝑋,<) be a linearly ordered set. The relation < is a well-order (or the set 𝑋 is well-
ordered by the relation <) if every non-empty subset 𝐴 of 𝑋 has a least element, i.e., there
is some element 𝑎 ∈ 𝐴 such that 𝑎 ≤ 𝑥, for all 𝑥 ∈ 𝐴.
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Well-Ordered Sets

Definition (p. 188)
Let (𝑋,<) be a linearly ordered set. The relation < is a well-order (or the set 𝑋 is well-
ordered by the relation <) if every non-empty subset 𝐴 of 𝑋 has a least element, i.e., there
is some element 𝑎 ∈ 𝐴 such that 𝑎 ≤ 𝑥, for all 𝑥 ∈ 𝐴.†

†Note that the terms ‘well-order’ relation and ‘well-ordered’ set are not standard in the literature. For
example, Enderton (1977) uses ‘well ordering’ for relations and ‘well ordered’ for sets and Button (2021)
uses ‘well-ordering’ for both relations and sets.
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Well-Ordered Sets

Example
The canonical example of a well-ordered set is 𝜔, i.e., (ℕ,∈),

𝟎 𝟏 𝟐
…

𝜔

because every non-empty subset of 𝜔 has a least element (Theorem 3.9).
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Well-Ordered Sets

Example
The closed interval [0, 1] of ℝ with the usual order is not well-ordered because the
interval (0, 1) ⊆ [0, 1] has no least element.

Let 𝑎, 𝑏 ∈ ℝ, with 𝑎 < 𝑏. In general, any subset of ℝ containing an open interval (𝑎, 𝑏) is
not well-ordered.
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Well-Ordered Sets

Example

The subset 𝑋 =
{

𝑚 − 1
𝑛+1 ∶ 𝑚, 𝑛 ∈ ℕ

}

of ℚ with the usual order is well-ordered.

−1 −1
2 −2

3

. . .
− 𝑛

𝑛+1

. . .
0 1

2
2
3

. . .
𝑛

𝑛+1

. . .
1 11

2 12
3

. . .
1 𝑛
𝑛+1

. . .
2
. . .

𝑚 = 0 𝑚 = 1 𝑚 = 2

Note that

𝑚 − 1
𝑛 + 1

< 𝑚′ − 1
𝑛′ + 1

iff

{

𝑚 < 𝑚′, or
𝑚 = 𝑚′ and 𝑛 < 𝑛′.

(continued on next slide)
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Well-Ordered Sets

Example (continuation)
Let 𝐴 a non-empty subset of 𝑋.

“The least element of 𝐴 has to have the least 𝑚 available among the elements of 𝐴 and
the smallest 𝑛 for this 𝑚.” (p. 189)

We find the least element of 𝐴 using the well-order property of natural numbers.

Let 𝐵 =
{

𝑚 ∈ ℕ ∶ 𝑚 − 1
𝑛+1

∈ 𝐴, for some 𝑛 ∈ ℕ
}

and let 𝑚0 the least element of 𝐵.

Let 𝐶 =
{

𝑛 ∈ ℕ ∶ 𝑚0 −
1

𝑛+1 ∈ 𝐴
}

and let 𝑛0 the least element of 𝐶.

Then 𝑚0 −
1

𝑛0+1
is the least element of 𝐴.
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Some Properties of Well-Ordered Sets

Theorem
Let (𝑋,<) be a well-ordered set and let 𝐴 ⊆ 𝑋. Then the set 𝐴 is well-ordered by the
restriction of relation < to 𝐴, i.e., (𝐴,<|𝐴×𝐴) is a well-ordered set (Exercise 7.44).
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Some Properties of Well-Ordered Sets

Example
The set 𝟓 ≐ {𝟎, 𝟏, 𝟐, 𝟑, 𝟒} is well-ordered by the relation ∈.
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Some Properties of Well-Ordered Sets

Let 𝑋 be a set. Recall that an infinite descending ∈-chain is a sequence ⟨𝑥𝑛⟩ such that
𝑥𝑛+1 ∈ 𝑥𝑛, for all 𝑛 ∈ ℕ, that is,

⋯ 𝑥𝑛+1 ∈ 𝑥𝑛 ∈ ⋯ ∈ 𝑥2 ∈ 𝑥1 ∈ 𝑥0.

Definition (p. 190)
Let (𝑋,<) be an ordered set. An infinite descending <-chain is a sequence ⟨𝑥𝑛⟩ such
that 𝑥𝑛+1 < 𝑥𝑛, for all 𝑛 ∈ ℕ, that is,

⋯ 𝑥𝑛+1 < 𝑥𝑛 < ⋯ < 𝑥2 < 𝑥1 < 𝑥0.
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Some Properties of Well-Ordered Sets

Theorem
Let (𝑋,<) be a well-ordered set and suppose that 𝑋 contains an infinite descending <-chain.
Then 𝑋 is not well-ordered by < (Exercise 7.45).
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Some Properties of Well-Ordered Sets

Example
The set ℤ with the usual order < is not a well-ordered set because the subset of negative
integers forms an infinite descending <-chain.

⋯ < −3 < −2 < −1
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Some Properties of Well-Ordered Sets

Theorem
Let 𝑋 and 𝑌 be ordered sets and let 𝑓 ∶ 𝑋 ⟶ 𝑌 be an order-isomorphism. Then if 𝑋 is
well-ordered then so is 𝑌 (Exercise 7.46).
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Some Properties of Well-Ordered Sets

Example
The set 𝜔2 is well-ordered because there is an order-isomorphism between it and the
subset

{

𝑚 − 1
𝑛+1 ∶ 𝑚, 𝑛 ∈ ℕ

}

of ℚ with the usual order.
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Some Properties of Well-Ordered Sets

Exercise 7.47
Suppose that 𝑋 and 𝑌 are well-ordered sets. Show that the ordered sets 𝑋 + 𝑌 and 𝑋 × 𝑌
are both well-ordered.

7.4 Ordered Sets. Well-Ordered Sets 22/41



Outline

Well-Ordered Sets
Some Properties of Well-Ordered Sets
Comparing Well-Ordered Sets
Initial Segments and Proof by Induction
References

7.4 Ordered Sets. Well-Ordered Sets 23/41



Comparing Well-Ordered Sets

Comparison of ordered sets
Two ordered sets are comparable if either they are order-isomorphic or one can be order-
embedded into the other.

Any two well-ordered sets are comparable, but, two linearly ordered sets are not necessarily
comparable.
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Comparing Well-Ordered Sets

Example

The sets ℤ and 𝐴 =
{

1 − 1
𝑛+1 ∶ 𝑛 ∈ ℕ

}

∪ {1}, both with the usual order <, are
incomparable (Exercise 7.50).

ℤ …
−2 −1 0 1 2

…

𝐴
0 1

2
2
3

3
4

. . .
𝑛

𝑛+1

. . .
1

(continued on next slide)
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Comparing Well-Ordered Sets

Example (continuation)
(a) ℤ ≇ 𝐴 because 1 is a point limit of 𝐴 but ℤ has not limit points.
(b) There is not an order-embedding 𝑓 ∶ ℤ ⟶ 𝐴 because ℤ contains an infinite descending

<-chain but 𝐴 is a well-ordered set, i.e., 𝐴 does not contain an infinite descending
<-chain. Therefore we cannot order-embedding ℤ into 𝐴.

(c) There is not an order-embedding 𝑓 ∶ 𝐴 ⟶ ℤ because “whichever integers we chose
for 𝑓 (0) and 𝑓 (1), there would only be finitely many possible images between them for
the infinitely many 1 − 1

𝑛+1 , 𝑛 > 0. So we could not define 𝑓 to be both one-one and
order-preserving.” (p. 191)
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Comparing Well-Ordered Sets

Comparison of well-ordered sets
“The basic idea is to pair off the least elements of 𝑋 and 𝑌 , then their next least elements,
and so on. If the process has worked for all the elements of 𝑋 less than some limit point 𝑥
of 𝑋, it turns out that the least available element of 𝑌 to be paired up with 𝑥 also has to
be a limit point. And if in this process we run out of elements of both 𝑋 and 𝑌 at the
same stage, we have an order-isomorphism; while if we run out of elements of one of the
sets before we’ve used up all the elements of the other, then we have an order-embedding
of one set into the other.” (p. 192)

7.4 Ordered Sets. Well-Ordered Sets 27/41



Comparing Well-Ordered Sets

Example (informal)
Let 𝑋 and 𝑌 be well-ordered sets, subsets of ℚ, with the usual order <, defined by

𝑋 =
{

1 − 1
2𝑛

∶ 𝑛 ∈ ℕ
}

∪
{

2 − 1
2𝑛

∶ 𝑛 ∈ ℕ
}

∪ {2},

𝑌 =
{

1 − 1
𝑛 + 1

∶ 𝑛 ∈ ℕ
}

∪ {1}.

(continued on next slide)
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Comparing Well-Ordered Sets

Example (continuation)
𝑋

0 1
2

3
4

7
8

. . .
1 11

2 12
3 13

4
17
8

. . .
2

𝑌
0 1

2
2
3

3
4

. . .
1

The set 𝑌 runs out of elements before the set 𝑋, giving an order-embedding

𝑓 ∶ 𝑌 ⟶ 𝑋

1 − 1
𝑛 + 1

⟼ 1 − 1
2𝑛

, 𝑛 ∈ ℕ,

1 ⟼ 1.
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Comparing Well-Ordered Sets

Definition (p. 193)
Let (𝑋,<) be a well-ordered and let 𝑎 ∈ 𝑋. The initial segment of 𝑋 determined by 𝑎,
denoted Seg𝑋(𝑎), is the set defined by

Seg𝑋(𝑎) := {𝑥 ∈ 𝑋 ∶ 𝑥 < 𝑎}.
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Comparing Well-Ordered Sets

Example
The order-embedding from the previous example maps the set 𝑌 onto the initial
segment Seg𝑋(1

1
2 ) of the set 𝑋.

𝑋
0 1

2
3
4

7
8

. . .
1 11

2
12
3

13
4

17
8

. . .
2

𝑌
0 1

2
2
3

3
4

. . .
1
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Comparing Well-Ordered Sets

Example
The initial segment of 𝜔 determined by 𝟑 is the set

Seg𝜔(𝟑) ≐ {𝐧 ∈ 𝜔 ∶ 𝐧 ∈ 𝟑}
≐ {𝟎, 𝟏, 𝟐}
≐ 𝟑.
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Comparing Well-Ordered Sets

Theorem 7.5
Let 𝑋 and 𝑌 be well-ordered sets. Then exactly one of the following holds:
(a) the set 𝑋 is order-isomorphic to an initial segment of the set 𝑌 ,
(b) the set 𝑋 is order-isomorphic to the set 𝑌 ,
(c) the set 𝑌 is order-isomorphic to an initial segment of the set 𝑋.

“Theorem 7.5 is a very strong result: any two well-orders are essentially the same [i.e., order-
isomorphic], or one is just the other with some extra elements tacked on at the end. It also
suggests that one can organise well-ordered sets in terms of their ‘length’ as orders.” (p. 194)
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Initial Segments and Proof by Induction

Theorem 3.5 (Proof by induction on ℕ)
For all subsets 𝐴 ⊆ ℕ such that:
(a) Base step: 𝟎 ∈ 𝐴;
(b) Inductive step: if 𝐧 ∈ 𝐴 then 𝐧+ ∈ 𝐴.
Then 𝐴 ≐ ℕ.

Theorem 7.6 (Principle of transfinite induction)
Let 𝑋 be a well-ordered set. For all subsets 𝐴 ⊆ 𝑋 such that:
(a) Base step: the least element of 𝑋 is in 𝐴;
(b) Inductive step: for all other 𝑥 ∈ 𝑋, if Seg𝑋(𝑥) ⊆ 𝐴 then 𝑥 ∈ 𝐴.
Then 𝐴 ≐ 𝑋.
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Initial Segments and Proof by Induction

Theorem 7.7
Let (𝑋,<) be a well-ordered set and let 𝑓 ∶ 𝑋 ⟶ 𝑋 be an order-embedding of 𝑋 into
itself. Then 𝑥 ≤ 𝑓 (𝑥), for all 𝑥 ∈ 𝑋.
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Initial Segments and Proof by Induction

Theorem 7.8
Let (𝑋,<) be a well-ordered set and let 𝑓 ∶ 𝑋 ⟶ 𝑋 be an order-embedding of 𝑋 into
itself. Then 𝑓 is the identity function.
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