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Preliminaries

Textbook
Derek Goldrei (1996). Classic Set Theory. A Guided Independent Study.

Convention
The numbers and page numbers assigned to chapters, examples, exercises, figures, quotes,
sections and theorems on these slides correspond to the numbers assigned in the textbook.
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Introduction

Question
Suppose you only know how to count to three. Are the set of houses and the set of people
in the figure the same size?†

Equinumerosity 129 

Fig. 30. Are there exactly as many houses as people? 

Imagine that your mathematical education is just beginning-that you are 

on your way to nursery school. You are apprehensive about going, because 

you have heard that they have mathematics lessons and you cannot count 

past three. Sure enough, on the very first day they show you Fig. 30 and 

ask, "Are there exactly as many houses as people?" Your heart sinks. 

There are too many houses and too many people for you to count. This is 

just the predicament described earlier, where we had sets A and B that, 

being infinite, had too many elements to count. 

But wait! All is not lost. You take your crayon and start pairing people 

with houses (Fig. 31). You soon discover that there are indeed exactly as 

many houses as people. And you did not have to count past three. You 

get a gold star and go home happy. We adopt the same solution. 

Fig. 31. How to answer the question without counting. 

Definition A set A is equinumerous to a set B (written A ~ B) iff there 

is a one-to-one function from A onto B. 

A one-to-one function from A onto B is called a one-to-one correspondence 

between A and B. For example, in Fig. 30 the set of houses is equinumerous 

to the set of people. A one-to-one correspondence between the sets is exhibited 
in Fig. 31. 

Example The set w x w is equinumerous to w. There is a function J 

mapping w x w one-to-one onto w, shown in Fig. 32, where the value of 

†Figure source: (Enderton 1977, Fig. 30).
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Introduction

Answer
Yes! The set of houses is the same size as the set of people, as shown in the figure.†

Equinumerosity 129 

Fig. 30. Are there exactly as many houses as people? 

Imagine that your mathematical education is just beginning-that you are 

on your way to nursery school. You are apprehensive about going, because 

you have heard that they have mathematics lessons and you cannot count 

past three. Sure enough, on the very first day they show you Fig. 30 and 

ask, "Are there exactly as many houses as people?" Your heart sinks. 

There are too many houses and too many people for you to count. This is 

just the predicament described earlier, where we had sets A and B that, 

being infinite, had too many elements to count. 

But wait! All is not lost. You take your crayon and start pairing people 

with houses (Fig. 31). You soon discover that there are indeed exactly as 

many houses as people. And you did not have to count past three. You 

get a gold star and go home happy. We adopt the same solution. 
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Definition A set A is equinumerous to a set B (written A ~ B) iff there 

is a one-to-one function from A onto B. 

A one-to-one function from A onto B is called a one-to-one correspondence 

between A and B. For example, in Fig. 30 the set of houses is equinumerous 

to the set of people. A one-to-one correspondence between the sets is exhibited 
in Fig. 31. 

Example The set w x w is equinumerous to w. There is a function J 

mapping w x w one-to-one onto w, shown in Fig. 32, where the value of 

†Figure source (Enderton 1977, Fig. 31).
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Introduction

Question
In the previous question, the sets were finite. Can we apply similar reasoning if the sets are
infinite?
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Introduction

Definitions (p. 127)
(a) A set 𝑋 is finite if there is a bijective function 𝑓 ∶ 𝐧 ⟶ 𝑋, for some natural number 𝐧.

(b) A set 𝑋 is infinite if it is not finite. That is, there is no a bijective function 𝑓 ∶ 𝐧 ⟶ 𝑋,
for any natural number 𝐧.
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Comparing Sizes

Definitions (p. 130)
(a) A set 𝐴 is equinumerous with a set 𝐵, denoted 𝐴 ≈ 𝐵, if there is a bijection

𝑓 ∶ 𝐴 ⟶ 𝐵.

(b) A set 𝐴 is less than or equinumerous with a set 𝐵, denoted 𝐴 ≾ 𝐵, if there is a
one-to-one function 𝑓 ∶ 𝐴 ⟶ 𝐵.

(c) A set 𝐴 is dominated by a set 𝐵, denoted 𝐴 ≺ 𝐵, if𝐴 ≾ 𝐵 and it is not the case
that 𝐴 ≈ 𝐵.
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Comparing Sizes

Notation
𝑋 ≉ 𝑌 := ¬(𝑋 ≈ 𝑌 ),
𝑋 ̸≾ 𝑌 := ¬(𝑋 ≾ 𝑌 ),
𝑋 ⊀ 𝑌 := ¬(𝑋 ≺ 𝑌 ).
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Comparing Sizes

Examples
(a) ℕ ≾ ℤ and ℤ ≾ ℕ.
(b) ℕ ≈ ℤ.
(c) ℕ ⊀ ℤ and ℤ ⊀ ℕ.
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Comparing Sizes

(1872 – 1970)

“The possibility that whole and part may have the same
number of terms is, it must be confessed, shocking to
common-sense.” (Russell 1903, p. 358)

6. Cardinals without the Axiom of Choice 16/27



Outline

Introduction
Comparing Sizes
Infinite Sets without AC - Countable Sets
Uncountable Sets and Cardinal Arithmetic, without AC
References

6. Cardinals without the Axiom of Choice 17/27



Infinite Sets without AC - Countable Sets

Definitions (p. 143)
(a) A set 𝐴 is countable if it is finite or equinumerous with ℕ.

(b) A set 𝐴 is countably infinite if it is equinumerous with ℕ.
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Infinite Sets without AC - Countable Sets

Examples
(a) Let 𝐧 ∈ ℕ. The set 𝐧 is countable because it has 𝑛 elements.
(b) The sets ℕ, ℤ, ℕ × ℕ and ℚ are countably infinite.
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Infinite Sets without AC - Countable Sets

Theorem 6.5 (Cantor’s Theorem)
For any set 𝑋, 𝑋 ≺ (𝑋).

Example
ℕ ≺ (ℕ) ≺ ((ℕ)) ≺ ⋯.
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Infinite Sets without AC - Countable Sets

Definition (p. 148)
A set uncountable or uncountably infinite is an infinite set which is not countable.
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Uncountable Sets and Cardinal Arithmetic, without AC

Remark
Recall that 𝟐𝑋 ≐ {𝟎, 𝟏}𝑋 is the set of functions from the set 𝑋 to {𝟎, 𝟏}.

Theorem 6.7
For any set 𝑋, (𝑋) ≈ 𝟐𝑋 .

Theorem 6.8
The set ℝ is uncountable.

Theorem
ℝ ≈ (ℕ) ≈ 𝟐ℕ.
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Uncountable Sets and Cardinal Arithmetic, without AC
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