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First-Order Logic: Natural Deduction

Remark
The references for this section are van Dalen |

, §3.8and § 3.9].



Derivation Rules for the Quantifiers

Universal quantifier

p(x)

rp@)

Vap(z)

plt/x]

VE

Side condition: In VI, the variable  may not occur free in any hypothesis on which ¢(x)

depends.
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Derivation Rules for the Quantifiers

Existential quantifier

[p ()]

olt/2] Ywp(r) v
Swp(n) "

JE*

Side condition: In JE, the variable x is not free in ¢, or in a hypothesis of the sub-derivation
of 1, other than ¢(x).



Derivation Rules for the Quantifiers

Example

The derivation rules for the quantifiers are consistent with the convention that the universe of
discourse is not empty, so we can prove that - Vxp(z) — Jzp(x).

Proof
[Vzp(x)]”
—FFVE
p(z)
—— 1
Jzp(x)

— I
Vap(z) — Jrp(x)
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Derivation Rules for the Quantifiers

Example
Prove that F 3z (¢(x) V ¢(x)) — Jzp(z) V Jz(x) [van Dalen , p- 92].
Proof
[o ()] [¢h()]Y
JI Bl
Su6() R
VI \i
[p(x) Vo()]” Fwp(z) vV Izp(z)  Tre(z) vV Izy(z) -
VE®
[Ba(p(x) V ip(z))]" () V Jrip(x) .
Jzp(z) V Fz(z)
—I"

Jz(p(x) Vp(x)) = Frp(r) V Iz(z)
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Derivation Rules for the Identity

Identity
r=1Y x =y Y=z
z=z Rh 5=z Rl = RI;
1 =Y1y-++3Tn = Yn

Rl

t{x1, o yxn/21, .z =y, - Yn/215 oy 20 ]

T1=Yl,-r&Tn = Yn olzt, ..., Tn/21y .y 20 ]
RI,

so[yla'-'vyn/zlw"azn]



Derivation Rules for the Identity

Example

The derivation rules for the identity are consistent with the convention that the universe of
discourse is not empty, so we can prove that - Jx(x = x).

Proof

RI4
a1

r =2

Jz(x = x)
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® van Dalen, Dirk [1980] (2013). Logic and Structure. 5th ed. Springer (cit. on pp. 2, 6).



