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Preliminaries
Textbook
Karel Hrbacek and Thomas Jech ([1978] 1999). Introduction to Set Theory.

Convention
The numbers and page numbers assigned to chapters, examples, exercises, figures, quotes,
sections and theorems on these slides correspond to the numbers assigned in the textbook.
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FIGURE 1 A Partition of a Set.

and

⋃

i∈I
Ai = S.

(Here the notation
⋃

i∈I Ai represents the union of the sets Ai for all i ∈ I .) Figure 1 illustrates
the concept of a partition of a set.

EXAMPLE 12 Suppose that S = {1, 2, 3, 4, 5, 6}. The collection of sets A1 = {1, 2, 3}, A2 = {4, 5}, and
A3 = {6} forms a partition of S, because these sets are disjoint and their union is S. ▲

We have seen that the equivalence classes of an equivalence relation on a set form a partition
of the set. The subsets in this partition are the equivalence classes. Conversely, every partition
of a set can be used to form an equivalence relation. Two elements are equivalent with respect
to this relation if and only if they are in the same subset of the partition.

To see this, assume that {Ai | i ∈ I } is a partition on S. Let R be the relation on S consisting
of the pairs (x, y), where x and y belong to the same subset Ai in the partition. To show that R

is an equivalence relation we must show that R is reflexive, symmetric, and transitive.
We see that (a, a) ∈ R for every a ∈ S, because a is in the same subset as itself. Hence, R

is reflexive. If (a, b) ∈ R, then b and a are in the same subset of the partition, so that (b, a) ∈ R

as well. Hence, R is symmetric. If (a, b) ∈ R and (b, c) ∈ R, then a and b are in the same
subset X in the partition, and b and c are in the same subset Y of the partition. Because the subsets
of the partition are disjoint and b belongs to X and Y , it follows that X = Y . Consequently, a

and c belong to the same subset of the partition, so (a, c) ∈ R. Thus, R is transitive.
It follows that R is an equivalence relation. The equivalence classes of R consist of subsets

of S containing related elements, and by the definition of R, these are the subsets of the partition.
Theorem 2 summarizes the connections we have established between equivalence relations and
partitions.

THEOREM 2 Let R be an equivalence relation on a set S. Then the equivalence classes of R form a partition
of S. Conversely, given a partition {Ai | i ∈ I } of the set S, there is an equivalence relation
R that has the sets Ai , i ∈ I , as its equivalence classes.

Example 13 shows how to construct an equivalence relation from a partition.

EXAMPLE 13 List the ordered pairs in the equivalence relation R produced by the partition A1 = {1, 2, 3},
A2 = {4, 5}, and A3 = {6} of S = {1, 2, 3, 4, 5, 6}, given in Example 12.

A

(a) Ai ∩ Aj = ∅ for i ̸= j,
(b) A =

⋃
Ai.
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of S. Conversely, given a partition {Ai | i ∈ I } of the set S, there is an equivalence relation
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EXAMPLE 13 List the ordered pairs in the equivalence relation R produced by the partition A1 = {1, 2, 3},
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A

(a) Ai ∩ Aj = ∅ for i ̸= j,
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†Figure source: (Rosen [1988] 2012, Fig. § 9.5, Fig. 1).
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Equivalences

Definition [2.]4.1
Let R be a binary relation in a set A. The relation R is
(a) reflexive in A if for all x ∈ A, xRx;
(b) symmetric in A if for all x, y ∈ A, xRy implies yRx.
(c) transitive in A if for all x, y, z ∈ A, xRy and yRz imply xRz;
(d) an equivalence on A if R is reflexive, symmetric and transitive in A.
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Equivalences
Questions
(a) Let A = {a, e, i, o, u}. Is the identity relation in A an equivalence on A?

(b) Let A ̸ .= ∅ be a set. Is the relation ∅ an equivalence on A? What about if A
.= ∅?

(c) Let A ̸ .= ∅ be a set. Is the relation A×A an equivalence on A? What about if A
.= ∅?

(d) Let A be a singleton. It is possible to define an equivalence on A?
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Classes of Equivalence

Definition [2.]4.3
Let E be an equivalence on A and let a ∈ A. The equivalence class of a modulo E,
denoted [a]E , is the set defined by

[a]E
def= { x ∈ A | xEa }.
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Partitions

Definition [2.]4.5
A system S of non-empty sets is called a partition of A if
(a) S is a system of mutually disjoint sets, i.e., if C, D ∈ S and C ̸ .= D, then C ∩ D

.= ∅,
(b) the union of S is the whole set A, i.e.,

⋃
S

.= A.
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Partitions

Definition [2.]4.8
Let S be a partition of A. The relation ES in A is defined by

ES = { (a, b) ∈ A × A | there is C ∈ S such that a ∈ C and b ∈ C }.

Remark
Note that objects a and b are related by ES if and only if they belong to the same set from
the partition S.
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Equivalences and Partitions

Theorem [2.]4.9
Let S be a partition of A; then the relation ES is an equivalence on A.
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