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Preliminaries

Conventions

P The number and page numbers assigned to chapters, examples, exercises, figures, quotes,

sections and theorems on these slides correspond to the numbers assigned in the
textbook [Hopcroft, Motwani and Ullman (1979) 2007].

P The natural numbers include the zero, that is, N = {0,1,2,... }.
P The power set of a set A, that is, the set of its subsets, is denoted by P A.
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Finite Automata with Epsilon-Transitions

Introduction

P An automaton with e-transitions is a NFA where transition with the empty string are

allowed.
(D)=
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Finite Automata with Epsilon-Transitions

Introduction

P An automaton with e-transitions is a NFA where transition with the empty string are

allowed.
(D)=

P> The e-transitions do not increase the computational power (or expressive power) of finite
automata.
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Finite Automata with Epsilon-Transitions

Introduction
P An automaton with e-transitions is a NFA where transition with the empty string are

allowed.
(2=

P> The e-transitions do not increase the computational power (or expressive power) of finite
automata.

P The e-transitions facilitate the design of the automata.
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Finite Automata with Epsilon-Transitions

Example ([Kozen (1997) 2012])

start —( S =KT\ - U

The automaton accepts the language {b, bb, bbb}.
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Finite Automata with Epsilon-Transitions

Example

A finite automaton with epsilon-transitions that accepts decimal numbers consisting of:
(i) an optional + or — sign,
(i) a string of digits,
(iii) a decimal point and
)

(iv) another string of digits. Either this string of digits, or the string (ii) can be empty, but at
least one of the two strings must be non-empty.

(continued on next slide)
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Finite Automata with Epsilon-Transitions

Example (continuation)

start 0,1,...,9
N AN
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Finite Automata with Epsilon-Transitions

Example

{w e {a}* : |wl| is divisible by 3 } {w e {a}": |wl|is divisible by 5 }

(continued on next slide)
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Finite Automata with Epsilon-Transitions

start —>
9

Example (continuation)

{w e {a}" : |w]| is divisible by 3 or by 5 }
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Finite Automata with Epsilon-Transitions

Definition
A finite automaton with epsilon-transitions (s-NFA) is a 5-tuple
(Qa Ea 63 qo: F)v
where
(i) @ is the finite set of states,
(i) X is the alphabet of input symbols,
(iii) 0 : @Q x X{e} — PQ is the transition function,
(iv) gy € @ is the start state,
(v) F C @ is the set of accepting (or final) states.

Finite Automata with Epsilon-Transitions 11/23



Epsilon-Closures

Definition
The e-closure of a state ¢, denoted by eclose : @ — PQ), are all states reachable from ¢ by a
sequence ¢ ---£. We recursively define eclose by:

p € eclose(q) o(p,e)=r
q € eclose(q) if g € Q r € eclose(q)
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Epsilon-Closures

Definition
The e-closure of a state ¢, denoted by eclose : @ — PQ), are all states reachable from ¢ by a

sequence ¢ ---£. We recursively define eclose by:

p € eclose(q) o(p,e)=r
q € eclose(q) if g € Q r € eclose(q)
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Example
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Epsilon-Closures

Definition
Let S be a set of states. The e-closure of S is defined by

eclose(S) := U eclose(q).

qes
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Extension of the Transition Function for e-NFAs

Definition
Let £ = (Q,%,0,q,, F') be an e-NFA. The extension of the transition function, denoted
by 9, is recursively defined by

5:Q x X — PQ
3(g, ) = eclose(q),

0(q,za) = eclose({ry,rq, ..., 7., }),

where

5((],%) - {p17p2a 7pk’}a
k

U 0(psya) =A{ry,roy ., }e

i=1
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Languages Accepted by e-NFAs

Recall
Let D = (Q,%,0,qy, F) and N = (Q,%,6,qy, ') be a DFA and a NFA, respectively. Recall

that the languages accepted by D and N were defined by

5(go,w) € F },
5(q0,w) NFE =+ }

L(D):={we ¥
L(N):={wex*
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Languages Accepted by e-NFAs

Definitions
Let £ = (Q,,0,qy, F') be a e-NFA and let w € ¥* be a string.

(i) The string w is accepted by E iff 5((10, w)NF +0.
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Languages Accepted by e-NFAs

Definitions
Let £ = (Q,,0,qy, F') be a e-NFA and let w € ¥* be a string.

(i) The string w is accepted by E iff §(q,, w) N F + 0.
(i) The string w is rejected by F' iff S(qo,w) NF=40.
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Languages Accepted by e-NFAs

Definitions
Let £ = (Q,,0,qy, F') be a e-NFA and let w € ¥* be a string.

(i) The string w is accepted by E iff §(q,, w) N F + 0.
(i) The string w is rejected by F' iff S(qo,w) NF=40.
(iii) The language accepted by F, denoted L(E), is the set of strings accepted by F, that is,

L(E) = {we x| d(gpuw)NF+0}.

Languages Accepted by e-NFAs 19/23



Equivalence of DFAs, NFAs and e-NFAs

/\
DFA NFA

\_/

e-NFA
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Regular Languages

Definition
A language L is regular iff exists a finite automaton A (DFA, NFA or e-NFA) such that

L =L(A).

Regular Languages 21/23



Regular Languages

Exercise 2.5.3.a
Let L be the set of strings consisting of zero or more a's followed by zero or more b's, followed

by zero or more c's. Prove that L is a regular language.
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