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Preliminaries

Convention
The number assigned to chapters, examples, exercises, figures, pages, sections, and theorems

on these slides correspond to the numbers assigned in the textbook [Abramsky and Tzevelekos
2011].
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Introduction

Description
A natural transformation is a structure preserving mapping (i.e. preserves composition of arrows
and identity arrows) between ‘parallel’ functors.

F

G
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Introduction

Description
A natural transformation is a structure preserving mapping (i.e. preserves composition of arrows
and identity arrows) between ‘parallel’ functors.

F

G

‘As Eilenberg-Mac Lane first observed, “category” has been defined in order to be able to define
“functor” and "functor” has been defined in order to be able to define “natural transforma-

tion”. [Mac Lane 1998, p. 48]
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Definition of a Natural Transformation

Definition
Let C and D be categories and let ', : C — D be functors. A natural transformation’

T:F=G
is a family of arrows in D indexed by objects A of C,

{7a: FoA— GoA}aconje) (components of 7 at A)

such that, for all A4 i> BinC,

(G1f)oTa=Tpo (I [) (naturality condition).

(continued on next slide)

tThe textbook uses the notation 7 : F — G.
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Definition of a Natural Transformation

Definition (continuation)

That is, the following diagram commutes.

TA

A FpA—FF— GpA

f Ff Gif
-

B Fy B P GoB

Definition of a Natural Transformation

((G1 floTa=T1po(F) f))
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Examples of Natural Transformations

Example

We shall define the natural transformation reverse on the functor List : Set — Set.

List

Set reverse |} Set

\—/

List

(continued on next slide)

Examples of Natural Transformations
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Examples of Natural Transformations

Example (continuation)

reverse : List = List
reversey : Listg X — Listg X
reversex : [X]| — [X]

reversex [T1,...,Zy) := [Tn,. ..

Examples of Natural Transformations

7371]
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Examples of Natural Transformations

Example (continuation)

reverse x

X
reverse : List = List X [ [X]
reversey : Listg X — Listg X
X — [ X
reversex : [X] = [X] £l Listy, f List . f
reversex [T1,..., %) := [Tn, ..., 21]
Y Y] reversey Y]

For each f: X — Y in Set, the above diagram commutes by naturality.
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Examples of Natural Transformations

Example

We shall define the natural transformation unit on the functors Id, List : Set — Set.

Set unit |} Set

(continued on next slide)

Examples of Natural Transformations
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Examples of Natural Transformations

Example (continuation)

unit : Id = List
unity : ldg X — Listg X
unity : X — [X]

unity x := (]

Examples of Natural Transformations
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Examples of Natural Transformations

Example (continuation)

unit
unit : Id = List X . [X]
unity : ldg X — Listg X
unitx : X — [X]
unitx = 1= [x] f / Lty /
Y Y - Y]
unity

For each f: X — Y in Set, the above diagram commutes by naturality.
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Examples of Natural Transformations

Example
We define the natural transformation flatten on the functors List o List, List : Set — Set.

List o List

T

Set flatten |} Set

\/

List

(continued on next slide)
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Examples of Natural Transformations

Example (continuation)

flatten : List o List = List
flatteny : Listg (Listg X) — Listg X

flatteny : [[X]] — [X]
1

flattenx[[l‘%,... x ],...,[:L‘lf,...,$k 1] ::[:L‘%,. zk ..,xlf,..

rny Nk

Examples of Natural Transformations

k

<y by

]
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Examples of Natural Transformations

Example (continuation)

flatten : List o List = List
flatteny : Listg (Listg X) — Listg X

flatteny : [[X]] — [X]

1

flattenx [[l‘%, Ty ]y (2],

s T, =[zy,...,x B NN

ny sy

For each f: X — Y in Set, the following diagram commutes by naturality.

X X flatten x X]
f (List o List)X,Y f Listy y f
Y ity flatteny [¥]
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Examples of Natural Transformations

Exercise 1
Verify naturality of reverse, unit and flatten.
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Examples of Natural Transformations

Example
Let Id be the identity functor in Set and let x o (Id, |d) : Set — Set the functor sending every

set X to X x X and every function f to f x f. We shall define the natural transformation
diagonal A.

Id

x o (Id, Id)

(continued on next slide)
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Examples of Natural Transformations

Example (continuation)

A:ld = x o (ld, Id)

Ax : 1do X = (x o (Id,1d))o X
Ax: X - X xX

Ax x:= (z,2)

Examples of Natural Transformations
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Examples of Natural Transformations

Example (continuation)

Ax
A:ld = xo(ld,Id) X X—XxX
Ax :1dg X — (x o (Id,1d))o X
Ax: X - X xX
Ax x:= (z,2) f f fxf
Y Y ————— Y xY
Y

For each f: X — Y in Set, the above diagram commutes by naturality.
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Examples of Natural Transformations

Example
Let x, 7 : C x C — C be the product and first projection functors, respectively. We shall define
the natural transformation first projection 7.

X

T

(continued on next slide)
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Examples of Natural Transformations

Example (continuation)
T X =T

T1(A,B) * X0 (A, B) — (71’1)0 (A, B)
T1(A,B) cAXxB— A
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Examples of Natural Transformations

Example (continuation)

T1(A,B)
I (A,B) AxB A
T1(A,B) * X0 (A, B) — (7T1)U (A, B)
m tAxB— A
o ()| Ixg f
A B / / /
(A, B)  A'xB — o A

For each (f,9) : (A, B) — (A, B) in C x C, the above diagram commutes by naturality.
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Examples of Natural Transformations

Example

Let C be a category with terminal object 1, let Id be the identity functor in C and let i; : C — C
be the functor mapping all objects of C to 1 and all arrows of C to id;. We shall define the
natural transformation .

(continued on next slide)
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Examples of Natural Transformations

Example (continuation)

li:ld:>K1
KA : |d0A—>(K1)0A
KA:A—>1
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Examples of Natural Transformations

Example (continuation)

A A A 1
_
k:ld= Ky
KA : |d0A% (Kl)oA
ka:A—1 f f idy
_
B B e 1

For each f: A — B in C, the above diagram commutes by naturality.

Examples of Natural Transformations 29/57



Exercises

Exercise 2
Verify naturality of the natural transformation x.
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Natural Isomorphisms

Definition
A natural transformation

T:F =G
Ta:FgA— Gy A, forallAinC

is a natural isomorphism iff each 74 is an isomorphism.
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Natural Isomorphisms

Definition
A natural transformation

T:F =G
Ta:FgA— Gy A, forallAinC

is a natural isomorphism iff each 74 is an isomorphism.

Notation N
A natural isomorphism is denoted by 7 : ' = (.
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Natural Isomorphisms

Example
Let C be a category with products and let the functors (textbook and [Awodey 2010, § 7.4])

—1 X (—2 X —3) :CS —C and (—1 X —2) X —3: Cg — C.

The natural isomorphism a shows that the product is associative.

~

a:—1 % (—2%x—3)=(—1%X—2) X —3
aA,B,C:Ax(BxC)i)(AxB)xC

aa B, = ((m,m o ma), T 0 ma).
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Natural Isomorphisms

Example
Let C be a category with binary products. We define the functor x : C?> — C by (textbook and
[Awodey 2010, Example 7.8])

;(O(A?B)::XO(B?A):BXA7 >7<1(fag)::><l<g7f):gxf'

The natural isomorphism s shows that the product is symmetric.

(A, B) AxB%BxA
51X = X _ .
sap:AxB-—BxA (f,g)l I 9
SA,B = (T2, T1). (A, B) A" x B’ TE} B’ x A
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Natural Isomorphisms

Example
Let C be a category with binary products and terminal object 1 and let the functors

Ix—:C—=C —x1:C—=C
(Ix—)gA:=1xA (—x1)gA:=Ax1
(1X7)1f:: <idl’f>’ (7X 1>lf: <f7idl>'

(continued on next slide)
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Natural Isomorphisms

Example (continuation)

The natural isomorphisms [ and r show that 1 is the unit of the product.

[:1x — = 1Id A IxA A
Ia:1x A5 A fl <idl,f‘>l Jf
la =T, B 1x B B
I
TA
r—x 1= 1d A Axl A
ratAx1-=5 A fJ <f’1d1>l Jf
A= T B B x1 s B
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Natural Isomorphisms

Exercise 3
Verify that the families of arrows s4 5, 4 and ry4, from the previous examples, are natural
isomorphisms (textbook, Exercise 53).
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Natural Isomorphisms

Exercise 3
Verify that the families of arrows s4 5, 4 and ry4, from the previous examples, are natural

isomorphisms (textbook, Exercise 53).

Remark
Because natural isomorphisms are a self-dual notion, we get also natural isomorphisms s, [ and r

for a category with binary coproducts and initial object.
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Natural Transformations Between Hom-Functors

Definition
Let C be a (locally small) category and let A and B be objects of C. Recall the hom-functors

C(A,—):C — Set (covariant)
C(—,B):C®° — Set (contravariant)

(continued on next slide)
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Natural Transformations Between Hom-Functors

Definition (continuation, first notation)

Let f: A — B in C. We define the natural transformation C(f, —) and we show its naturality
condition for h: C'— D in C.

C(fa_)C
C(f,—):C(B,—) = C(A,—) C C(B,C) ——— = C(4,0)
C(f,—)c:C(B,C) —C(A,0)
C(f,—)cg:C(AC) nl c(B,—)ih C(A,—)1h
C(fi=)cg:=gof
C(B,D) ———— C(A,D
D (B, D) A (A, D)

where C(f, —)c =C(—,C)o f.
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Natural Transformations Between Hom-Functors

Definition (continuation, second notation)

Let f: A — B in C. We define the natural transformation C(f, —) and we show its naturality
condition for h: C'— D in C.

C(f,—)e=C(f.C)

C(f,—):C(B,~) = C(A,~) ¢ C(B.C) — C(4,0)
C(f,—)c:C(B,C)—C(A,C)
C(f, _)C.(J : C(A7 C) h C(B, h) C(A./ h)
C(fi—)cg:=gof

D C(B.D) C(A, D)

C(f,—)e=C(f,D)
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Natural Transformations Between Hom-Functors

Exercise 4
Define the natural transformation C(—, f) : C(—, A) = C(—, B) and verify its naturality (text-

book, Exercise 55).
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Yoneda Lemma

Yoneda embedding

Let C be a locally small category and let A and B be objects of C. For each natural transformation
between hom-functors 7 : C(A, —) — C(B, —), there is a unique arrow [ : B — A such that

T=C(f,—).
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Yoneda Lemma

Yoneda embedding

Let C be a locally small category and let A and B be objects of C. For each natural transformation
between hom-functors 7 : C(A, —) — C(B, —), there is a unique arrow [ : B — A such that

T=C(f,—).

Remark
The Yoneda lemma is a generalisation of the Yoneda embedding.

Natural Transformations Between Hom-Functors 46/57
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Vertical Composition

Definition
Let C be a category, let F',G,H : C — D be functors, and let 7: FF'= G and u: G = H
be natural transformations. The vertical composition of ;1 and 7 is the natural transforma-

tion p o 7 defined by
pot: F=H
(moT)a: FyA— HyA:=psoty, forall AinC.

(continued on next slide)
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Vertical Composition

Definition (continuation)

That is, for all f: A — B in C the following diagram commutes.

Fi f
A Fy A Fy B
f TA TB
(Gif)ota=Tpo (Ff)
B GpA Gy B

Gy f (H1f)opa=mppo(Grf)

" e\ f)o(uor)a=(uor)so(Fif)

Hy A Hy B
Hy f
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Vertical Composition

Exercise 5

Let C be a category, let F',G, H : C — D be functors, and let 7: "= G and p: G = H be
natural transformations. Show that o7 : F' = H is a natural transformation.
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Functor Category

Introduction
Since we can define an associative composition of natural transformations and this composition

has an identity natural transformation, we can define a category where the objects are functors
and the arrows are natural transformations.
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Functor Category

Definition
Let C be a small category and let D be an arbitrary category. The functor category Func(C, D)
is defined by

(i) Objects: Functors ': C — D.

(i) Arrows: Natural transformations 7 : F' = (.
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Functor Category

Definition
Let C be a small category and let D be an arbitrary category. The functor category Func(C, D)
is defined by
(i) Objects: Functors ': C — D.
(i) Arrows: Natural transformations 7 : F' = (.

(iii) Composition of arrows: Vertical composition of natural transformations.
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Functor Category

Definition
Let C be a small category and let D be an arbitrary category. The functor category Func(C, D)
is defined by
(i) Objects: Functors ': C — D.
(i) Arrows: Natural transformations 7 : F' = (.
(iii) Composition of arrows: Vertical composition of natural transformations.
)

(iv) Identity arrow
idp : FF — F
(idp)A : FOA — F()A for all Ain C,
(idF)A = id(pﬂ A)'

Functor Category 55/57
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